A self-consistent transformation law of noncommutative gauge field under local change both in external space-time points and in internal spin space is presented with a redefined vector part of spin differential operator. The local invariance in spin space naturally includes three isovector second rank field tensors, the electric E µν , the magnetic B µν , and the axial G µν , in addition to isoscalar field tensor F µν . We show that coupling constant contains dynamic variables such as, energy, spin directions, and symmetry breaking function, without knowledge of interaction processes.
I. INTRODUCTION
Local gauge invariance has a deep root in developing electromagnetism [1, 2] . Inclusion of the principle to non-Abelian field, the revolution of field theory [3] , has long been served as a fundamental tool to explore internal structures. Recent progress in space-time noncommutative theories based on its realization in string theory [4, 5] seems to be in second evolution stage of the principle with providing various phenomenological implications [6] [7] [8] [9] .
However, in geometric noncommutative structure [10] within space-time or space-space, two properties, the non-locality [11] and the Lorentz symmetry breaking [14] , are inherent even though it preserves unitarity [12, 13] As a result, there exist unknown parameters which are mainly introduced in gauge couplings and Higgs scalar [2] . To make quantitative predictions, one way could be to bring the theory to ordinary commutative field theory and to define a noncommutative fixing scale [9] , the other way might be to find a limit of the arbitrary expansion parameter, the noncommutative parameter θ µν , [14, 15] .
To avoid the difficulties, by restricting the source of noncommutativity in spin itself as an analogy of Siberg-Witten map [16, 5] , the confined noncommutativity has been developed with keeping Lorentz invariance and with deciding the magnitude of noncommutative parameter at least in electroweak scale by virtue of with introducing another unknown parameters, the invariant mass 4-vector in a noncommutative momentum and the invariant charge 4-vector in a noncommutative field [17] . A promising result could be in providing a connection of weak mixing angle to Lorentz symmetry breaking function which gives a quantitative dependence of weak mixing angle on energy and spin direction at noncommutative mass poles [18] .
In this paper, we provide a consistent local gauge transformation law by redefining the vector part of spin differential operator which was a problem in previous work [18] . The additional three isovector second rank tensor fields, E µν , B µν and G µν , are introduced as a natural result of the noncommutative local gauge invariance.
II. LOCAL GAUGE TRANSFORMATION
A noncommutative linear motion with a specified spin and momentum may be described with a 4-vector state function, ψ α (x, s), which depends on the two variables, x µ for external motion, and s for spin motion. The relevant equation is given by [18] 
The wave function is separated into ψ α (x, s) = ψ(x)χ α (s) by following the separation of differential operator
for the external motion, ∂ αµ x R = g µν R ∂ xν , and for the spin motion, ∂ α s (ǫ). The corresponding local gauge transformation law for isoscalar part, α = 0, was presented with a definition of spin differential operator.
For the isoscalar motion, the definition provides an exact transformation law of gauge field with a constraint condition τ × α = 0. However, for the isovector motion, a messy result comes out from the vector part of definition. Since gauge field should follow a same transformation rule under infinitesimal local change in both external space-time and spin coordinate, we believe that the vector definition is not correct for the local change of gauge field. We found a right definition which gives a consistent transformation law both in isoscalar and in isovector motion by projecting the original internal boost of vector differential operator [17] to inverse isospin space, ǫ −1 .
Then, with using ǫ = ǫτ , the correct definition for local gauge transformation can be written as
It seems there exist two kinds of definition for vector part, i.e., (3) for classical variable and (5) for quantum state function. The point needs to further survey. We will follow the last one in this work such as
Then the relevant noncommutative covariant derivative is given by
with the corresponding noncommutative field, B αµ
With the definition, the covariant derivative is also simplified to
where the scalar and vector parts are
The generalized noncommutative gradient transformation is naturally necessary to extract the gauge field structure
for given ψ ′α = Gψ α and G = exp
It should be noted that α = α(x, s) reflects the two kinds of local changes. With a simple calculation the field follows transformation rule
Using [τ α , G] = 0 from a constraint condition τ × α = 0, we write
Then the Abelian and Non-Abelian transformation law under infinitesimal local change at the external space-time points and the Abelian transformation law under infinitesimal local change at the internal spin space of noncommutative isoscalar field, B ′µ R (ǫ), read
The Abelian and Non-Abelian transformation law under infinitesimal local change at the external space-time points and the Non-Abelian transformation law under infinitesimal local change at the internal spin space of noncommutative isovector field, B ′µ R (ǫ), also read
which means that the noncommutative gauge field, B αµ R (ǫ), follows same rule along isospin directions, τ α = (τ 0 , τ ), as desired.
Therefore, by following the local gauge transformation law, it is possible to define the noncommutative gauge field such as a combined state of Abelian and Non-Abelian fields by isospin transformation
where the field is a function of x µ and s.
A basic structure of field-strength tensor was given in [17] as a fourth tank tensor F αµβν ± which has four components second rank field tensors, F µν + , E µν ± , B µν ± , G µν + . Similarly, we could define the field-strength tensor with covariant derivative by considering the exchange of isospin indices, α, β.
Since the covariant derivative is invariant under local gauge transformation, D ′αµ R (ǫ) = GD αµ R (ǫ)G −1 from [τ α , G] = 0, it is not difficult to show that the commutator definition of field-strength tensor is also invariant
Each components of fourth rank field-strength tensors are, for symmetric part,
and for antisymmetric part,
The physical origin of the complicated structure is relatively simple that since we have included spin into momentum as a combined state, the noncommutative momentum, by using internal boost parameter, ǫ = ǫτ , the local change in spin coordinate also follow the external electrodynamics in spin view by reflecting the coexistence of spin and momentum in a point particle. Since the isoscalar field tensor, F µν + (ǫ), comes from isoscalar internal boost,
. The corresponding dynamics is described in a noncommutative field equation [17] . Especially, we note that the G µν + field tensor is responsible to axial force. Each detail structures come from the fourth rank definition. Here we give precise definitions on metric tensors and charges before proceeding.
with η µν = diag(1, −1, −1, −1), and m ∓ is given in [18] . The normalized charge,
Then the fourth rank field tensor can be written as
For isoscalar: (α, β) = (0, 0),
For axial isovector: (α, β) = (i , i ),
For electric isovector: (α, β) = (0, i ),
For magnetic isovector: (α, β) = (i , j ),
, are used. In this paper, we merely provide a result on the main interest, the isoscalar field tensor. The other parts can be done with manipulation of isospin matrix, τ .
We find two interesting points from the isoscalar field tensor. One is that the Abelian and Non-Abelian fields are mixed up each other through spin differential operator, ∇ s . The other is coupling structure of Non-Abelian gauge field,
In the noncommutative field, we find the coupling is a mixture of undefined bare charge, q ν = (q 0 , q), and the normalized mass, m ν − = (m 0 − , m − ). We note that the normalized mass is a function of energy, β, spin angles, θ, ϕ, and symmetry breaking function, f (ǫ), i.e., m ν − = m ν − (β, θ, ϕ, f (ǫ)) to keep Lorentz invariance [18] . It is not certain yet how the normalized charge, q − , which includes the kinetic variables before interaction, affects on the subtle question of renormalizability. We note that for q = m − = 0, the above equation reduces to ordinary Non-Abelian gauge field structure.
The gauge invariant Lagrangian may be constructed from the fourth rank tensors,
The Dirac Lagrangian with interaction may be also described as
with − sign for α = 1, 2, 3. With the insurance of local gauge invariance, a step toward a description on collision process could be to find solution structure of the specified noncommutative Dirac equation. Another important progress might be in fixing of the unknown invariant mass 4-vector and charge 4-vector.
III. CONCLUSIONS
By redefining the vector part of spin differential operator, a self-consistent local gauge transformation law is found. Corresponding field-strength tensor has been defined as fourth rank tensor with antisymmetric and symmetric parts from the exchange of isospin indices. The proposed Lagrangian includes isovector parts of spin dynamics by following internal boost, ǫ = ǫτ .
